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We report on the computation of the effective actions describing the interaction of gravity both 
i-Q ' for an abehan and a non-abehan gauge theory, mediated by the trace anomaly. 
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1 Introduction 

In a rather recent work Giannotti and Mottola [T] have pointed out that the effect of the trace anomaly 
in QED is in the appearance of an anomaly pole in the correlator of the energy momentum tensor 
(T) with two vector currents J, which indicates the existence of additional scalar degrees of freedom 
in the effective action that describes the coupling of gravity to a gauge theory. Their elaboration 
goes quite far, by showing that these massless exchanges are already present in a variational solution 
of the anomaly equation proposed long ago by Riegert [2], solution which is indeed supported in a 
perturbative framework by an analysis of the corresponding anomaly graphs. 

In the case of anomalous gauge theories a similar pattern emerges, well known since the work 
of Dolgov and Zakharov [3], who showed the appearance of similar poles in the spectral density of 
the AVV gauge anomaly amplitude. More generally, the poles can also be extracted at 1 loop by a 
decomposition of the anomaly amplitude in terms of longitudinal and transverse form factors [H [5] , 
the longitudinal one being responsible for the anomaly and characterized explicitly by a massless 
pole. An off-shell computation and a mapping from Rosenberg's form of the anomaly graph into the 
longitudinal/transverse formulation supports these conclusions [6]. 

This previous analysis and the correspondence with the results of p], extended to the computation 
of the off shell correlator [7j has brought us to conclude [8] that anomaly poles are the common 
signature of gauge and conformal anomalies. It does not take a big leap to probably come to similar 
conclusions also in regard to gravitational anomalies, where again, one may expect the appearance of 
massless exchanges of similar type, although an explicit computation, in this case, is still missing. 

The perturbative analysis of QED has been recently extended by us to QCD [9j , by computing the 
TJJ correlator in a general kinematical domain, which provides more general results respect to the 
dispersive approach. The massless poles found in the study of anomalous gauge theories and in the TJJ 
correlator are indeed generic contributions, present under a general kinematics, not necessarily linked 
to the infrared limit of an anomaly amplitude. In fact off-shell correlators are equally characterized 
by pole contributions also in the UV region [7j . 

2 The gravitational coupling of gauge theories and the trace anomaly 

Massless poles describe long range interactions, probably accounting for a phase of the effective theory 
- in this case of a gauge theory coupled to gravity - which is not yet fully understood at a phenomeno- 
logical level, probably characterizing some mechanism of condensation. On this point, we just observe 
that for gauge anomalies, the derivative coupling of the anomaly pole to the anomalous gauge current 
can be traded with two pseudoscalars of Stiickelberg type [TOl E] (two gauged axions), one of them 
ghost-like. The appearance of a ghost in the spectrum is clearly the sign of an instability of the theory, 
here detected at a perturbative level. We just mention that ghost condensation has received some 
attention in the past [12], and some of those ideas, concerning infrared modifications of gravity, may 



apply to the auxiliary field formulation of these effective actions. Now we briefly go over a summary 
of the analysis of the TJJ correlator in QED and QCD before coming to our conclusions. 

One well known result of quantum gravity is that the effective action of the trace anomaly is given 
by a nonlocal form when expressed in terms of the spacetime metric g^^ . This was obtained [2] from 
a variational solution of the equation for the trace anomaly |13) 
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(see also [9] for more references) which in Z? = 4 spacetime dimensions takes the form 
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Here, the parameters b and b' are the coefficients of the Weyl tensor squared, 
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respectively of the trace anomaly in a general background curved spacetime. 

Expanding around flat space, the local formulation of Riegert's action, as shown in [UlIl], can be 
rewritten in the form 
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which is valid to first order in the fluctuation of the metric around a flat background, denoted as h^y 

9pu ='npu + Kh^y, K = ^ylG■^■GN, (6) 

with Gn being the 4-dimensional Newton's constant. The formulation in terms of auxiliary flelds of 
this action gives [1] 
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where (p and ■0 are the auxiliary scalar flelds. They satisfy the equations 
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Figure 1: The fermionic contributions with a graviton h^^ in the initial state and two gluons A'^,A'p in the 
final state. 



The TJJ amplitude is shown in Fig. [T]in the QED case, with additional contributions that appear 
in the QCD case. The off shell tensor analysis of these diagrams is rather cumbersome, but the 
amplitude can be arranged in terms of 13 invariant amplitudes 

13 

r^'''"'{p,q) = ^F,{s;si,S2,m') tr^{p,q), (11) 

where the form factors Fi are functions of the kinematical invariants s = k"^ = {p + q)'^, si = p^, 
S2 = (^ and of the internal mass m. Explicit expressions of these form factors are given in [7J. In the 
massless case only few form factors survive and one gets 

Fi(5,0,0,0) = --^, (12) 
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where -Fisr denotes the renormalized amplitude. The anomaly is entirely given by F\^ which indeed 
shows the presence of an anomaly pole. Further details on the organization of the effective action 
mediated by the trace anomaly can be found in [7J. 

Coming to QCD, the full on-shell vertex, which is the sum of the quark and pure gauge contri- 
butions, can be decomposed by using three appropriate tensor structures (\)^^^^ given in [9], and 
appearing in the expansion of quark (Fg'^ (p, g)) and gluon (Fj^'^" (p, q)) subsets of diagrams 
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r^^"^(p, q) = Ff -/5(p, q) + Fp^(p, g) = ^ $,(s, 0, 0) S'^" C^(p, q) , (16) 
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with form factors defined as 
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where the sum runs over the nj quark flavors. In particular we find 
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with Ca = Nc- The scalar integrals B^^^ , V and Cq are defined in ^. Notice the appearance in the 
total amplitude of the 1/s pole in <^i, which is present both in the quark and in the gluon sectors, and 
which saturates the contribution to the trace anomaly in the massless limit. In this case the entire 
trace anomaly is just proportional to this component, which becomes 
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Further elaborations show that the effective action is given by 
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and is in agreement with Eq. ^, derived from the nonlocal gravitational action ([3]). Here i?'^' denotes 
the linearized expression of the Ricci scalar 



and the constant c is related to the non-abelian /3 function as 
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3 Conclusions 



The possible significance of the effective degrees of freedom described in these actions is still open, 
with suggestions that touch upon the role of QCD in solving the dark energy problem of cosmology 



[151 116]. In fact, it has been suggested that the small value for the vacuum energy density originally 
attributed to the anomaly [17], could be raised to the expected one (10"'^ eV)^ if the gravitational 
effective action is characterized by some effective nonlocality. In this case the contribution due to the 
trace anomaly could be modified [18]. Other possible extensions of this line of research concerns the 
case of anomaly mediation in supersymmetric theories (see for instance |19j). 
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